We prove a backward uniqueness result for the heat operator with variable lower order terms in a half space. The main point of the result is that the boundary conditions are not controlled by the assumptions.
Introduction
In this paper, which can be thought of as a continuation of [3] and [4] , we deal with the following backward uniqueness problem for the heat operator. Let We can formulate our main result. This extends the main result of [3] and [4] , where an analogue of Theorem 1.1 was proved for É · replaced with´Ê Ò Ò ´Êµµ¢℄¼ Ì . Here, as usual, ´Êµ denotes the n-dimensional ball of radius Ê with the center at the origin.
Such results are of interest in control theory, see for example [8] . Also, as it was explained in [10] , results of this type are helpful in regularity theory for the Navier-Stokes equations. Combining methods developed in [10] and the boundary regularity results in [9] , one can show that the so-called Leray-Hopf solutions to the Navier-Stokes equations in a regular domain ª ¾ Ê ¿ , which satisfy the homogeneous Dirichlet boundary condition and belong to the space Ä ½´¼ ½ Ä ¿´ª Ê ¿ µµ, are regular up to the boundary of ª. A detailed proof of this result will be explained elsewhere.
Similarly to papers [3] and [4] , the proof of Theorem 1.1 is based on two Carleman-type inequalities. The first one is essentially the same as the one used in [3] and [4] (see also [1] , [5] , and [11] ) and has the form The second inequality is, in a sense, an anisotropic one:
Here, Our concluding remark is that Theorem 1.1 is true for functions Ù É · Ê Ñ with ½ Ñ ·½. This is an easy exercise for the reader.
Our paper is organized as follows. In the second section, we prove Theorem 1.1, assuming validity of Carleman's inequalities. The proof of Carleman's inequalities are given in the third and fourth sections, respectively.
Proof of Theorem 1.1
In what follows, we always assume that function Ù is extended by zero to negative values of Ø.
We start with proofs of several lemmas. The first of them plays the crucial role in our approach. It enables us to apply powerful technique of Carleman's inequalities. 
PROOF According to the regularity theory of solutions to parabolic equations (see [7] ), we may assume
We fix Ü Ò ¾ and Ø ¾℄¼ and introduce the new function Ú by usual parabolic scaling
The function Ú is well defined on the set É ´ µ¢℄¼ ¾ , where ´Ü Ò ½µ and Ô ¿Ø ¾℄¼ ½ ¾ Then, relations (1.1), (1.2), and (2.3) take the form:
for Ý ¾ ´ µ and for × ¾℄¼ ½ ℄.
In order to apply inequality (1.5), we choose two smooth cut-off functions: 
Here, is a positive constant depending on ½ and only, ´Ý ×µ ½ if´Ý ×µ ¾ ½ Ý ¢℄¿ ¾ ¾ and ´Ý ×µ ¼ if´Ý ×µ ¾ . Obviously, function Û has the compact support in Ê Ò ¢℄¼ ¾ and we may use inequality (1.5).
As a result, we have 
Proof of the first Carleman inequality
Our proof follows standard techniques used in the Ä ¾ -theory of Carleman inequalities, see for example [6] and [11] .
Let Ù be an arbitrary function from ½ ¼´Ê AE ¢℄¼ ¾ Ê Ò µ. We set ´Ü Øµ Due to special structure of , we have
